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the trail-mediated self-interaction will influence the dynamics. It has

en ussed recently [Kranz et al.

A number of microorganisms leave persistent trails while moving along(&%ﬁc\,es.f‘or single-cell organisms,

Phys. Rev. Lett. 117, 038101 (2016)] that the self-interaction mayfloca

of the self-interaction and analyze its behavior for smaller couplin

e the“erganism above a critical

.. We find that fluctuations in

coupling . to the trail. Here we will derive a generalized active part odel capturing the key features
X
os.

propulsion speed shift the localization transition to stronger co pls

I. INTRODUCTION

Motility or active motion of an organism is most useful if
it can occur in response to external stimuli.'= It has been
recognized from the early days? that directed motion is
already realized in both prokaryotic and eukaryotic single-
celled microorganisms.® ” On the microbial scale, chemica:
signals and the corresponding response—chemotaxis—ang
the most widespread but by no means the only stimuli
that are used as information.

Surface dwelling microorganisms like the bacfetia fro
the species Pseudomonas, Neisseria and amoeboid slime
molds are known to leave trails®? of high malecular séight
biopolymers like polysaccharides.!12 Tt is S’*dm
these trails are used as a means of dellsgell ‘¢ommuni-
cation in particular in the process of coleny spore
formation.®?1319 The precise mechanisms,

ways, even on the microbi
sponse to a stimulus may
control algorithm. On thé ot

ary value in robustnes§.”% Simpliei
to robustness. In r t yeaxs there has been a grow-
ing recognition th rr?e%vanistl models that forgo the

sional processing may be able to

(cAMP) are also employed in cell-cell
in the form of auto-chemotaxis.?"-?® This

od both on the level of the intra-cellular signal-

—%ys and on the level of collective effects. Most
active particles are auto-chemotactic in that they

a)Electronic mail: kranz@thp.uni-koeln.de

T~
createfand*are propelled by local chemical gradients.
All thege systéis are characterized by particles or organ-
i ty30a1 speed vq or typical effective diffusivity
g is much smaller than the diffusivity of the the signaling
ulesyD,,, > D, vgR not least because their size R
s much bigger than molecular length scales. In effect,
roanism’s self-generated concentration field is to a
order approximation isotropic with respect to the
nism itself even if the organism is in motion. Self-
interaction of the organism with its own auto-chemotactic
field due to direct coupling with the translational degrees
of freedom has been studied in the past®® and shown not
to be strong enough to lead to trapping.3!

The trail material, on the other hand, consists of en-
tangled macromolecules®? with a very low diffusivity
D,, < D,vR. A moving microorganism will therefore
encounter an anisotropic distribution of its own trail. It
obviously leaves a trail behind and not all around. As
a consequence, the only observable dynamics is the ef-
fective dynamics that results from the interplay of the
organism’s propulsion mechanism and the trail-mediated
self-interaction. We have recently shown that this self-
interaction may profoundly alter the dynamics.?33* Here
we will discuss this mechanism in more detail and on a
more general basis.

We will start by specifying the model in Sec. IT and de-
rive the effective dynamics in Sec. ITI. Using this effective
description we will analyze the orientational dynamics in
Sec. IV and the translational diffusivity in Sec. V. We
will briefly discuss the influence of speed fluctuations in
Sec. VI before closing in Sec. VII.

26,29

1l. BARE DYNAMICS

In the following we will be exclusively concerned with
the dynamics of a single microorganism on a pristine,
essentially flat surface. The state of a microorganism at
time ¢ is fully described by its position r(¢), its orientation
n(t) = (cosp(t),sinp(t)) and the trail it has left so far

Y(x,t). We assume active propulsion along the current
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Ispat on 7fi(t) with a mean speed vy and small fluctua-
ns on top, characterized by a translational diffusivity

Publishing
A(t) (vo At + /2D, AW,). (1)

Here W; denotes a Wiener process. Orientational persis-
tence is observed to be limited in microorganisms such
that the rotational diffusivity D? should be substantial.
It has been found that a torque is naturally generated
by gradients of the trail field, Vi (a,t), perpendicular
to the microorganism’s instantaneous orientation. To be
precise, the organism may not react to the actual trail
field but only to the trail field it senses via some transfer
function Z(x, t) that may perform some spatial averaging
and potentially some time integration. The orientation
dynamics is therefore of the following form,

do(t) = XVL()(E*¥)(r(t),t)dt +/2DdZ,,  (2)

where Z is a second, independent Wiener processes,>®

characterizes the sensitivity of the microorganism to the
trail and V| (t) := é,(t) - V where é,(t) L 7(t). The as-
terisk denotes a convolution in space and time and E(x, t)
is normalized such that [d?z [ dt Z(x,¢) = 1. Along i

dr(t) =

trail material with a constant rate & and distributed a

trajectory t(t) := {r(t')}+ <, the microorganism depoit&

Cording to a compact profile ¥(x2) normalized su

f\I' yd2%z =1,

t

d(z, tle(t)) = k/_ U (je — ()% at'. S@
Equations. (1-3) constitute a set of od)g‘i}egro—

differential equations for the time evoluti single
crawling microorganism. We note that in er to un-

derstand the dynamics of the roorganism, we do not
need the full trail field ¢ (z, t) nTy?v%t the organism

t)4 We imagine a
il such that the

senses V 1 1)(t) == VL (t)(E
the time scales of

ufficient to consider

Vi(t) kV/L v (frit)—r)?). (4
We may thén“expa h{gradient as

) NP) =
S = N ([ (0) - 1), 5)

on ¥ denotes the derivative with respect

EFFECTIVE DYNAMICS

To make progress we have to make a number of as-
sumptions. We need the trail profile to be sufficiently well

AR?
—t

FIG. 1. Sketch
¥(r?) and it

ivative —’(r?) as a function of
0 the trail’s center. We assume well

define 1) with a characteristic size R and a trail

see Fié
dar width AR < R. Then we may approximate
O(R? — 2%) /7 R? where ©(x) is the Heaviside

ste - u;laon Likewise, we need the active propulsion

ed %o be Sufﬁuently well defined, i.e., D, < voR.
the characteristic time to cross a trail T is narrowly
uted around R/vg. We now assume a priori that

fha'r\.f;al s are sufficiently straight that self crossings can be

glected. We will find below that the self-interaction
renormalizes the rotational diffusivity DY to an effective
value D,., i.e., we assume D, (1) < 1 where (1) is the
mean crossing time. If the trajectories are straight enough
so that the organism only rarely crosses its own trail, we
can safely ignore these self-crossings.

In the following we will adopt units such that R = vy =
1 and k = w. With the above assumptions, Eq. (1-3)
reduce to

dr(t) = At)(dt + /2Dy dW;) (6)
de(t) = XV L o(t) dt + /2D0dZ, (7)
Vig(t) = é,(t) - /_ dt're (1 — o) (8)

where ry = r(t) — r(t).

Due to the Dirac delta in Eq. (8) and our assumption
that self-crossings are negligible, we only need to integrate
over a time interval of order unity. To this end, we iterate
the equations of motion (6,7) to lowest order and find

r(t) —rt—t)=n(t)t + 2Dm(t)W,t,
ce [ [
[Xvw )dw + /2D8 dZ }
+2/Dy DV, (1) H

Zy AWy,
where we have used that é,(w) ~ é,(t) to lowest order. In
the following we are going to drop the last term in Eq. (9)

9)
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‘ s Ibpse it contalns the product of the small parameters
DO < 1.

PUb“Si’[llﬂg& st term in Eq. (9) turns the Dirac delta in Eq. (8)

mto a first passage time problem of a one-dimensional
Brownian motion with unit drift, ¢t + /2D,W, on the
positive half line with a reflecting boundary at 0, i.e.,

/t dt'r6(1 —ryp) = r(t) —r(t —7), (10)

— 00

where 7 is a random variable, the first passage time. The
characterization of the first passage time distribution p(7)
is a non-trivial task that we are not going to pursue here
but note that for D, — 0, p(7) — §(7 — 1).

Making use of Egs. (9) and (10) in Eq. (8) we find a
closed equation for V 9 (t),

Vo(t) / /t ’ [va(w) dw + /2D0 dZw] .

(11)

Once we have a solution of Eq. (11) we can use it in Egs. (6,

7) to analyze the effective dynamics of a microorganism
under trail-mediated self-interaction.

For x < Xe, V119(t) represents a stochastic process
with zero mean and Eq. (11) can be solved in the Fourier

domain®” (cf. Sec. A)
__ 5D0 )
Vi(w) = T x A\ (iw) = 1)iwZ,. (16)

Note that by the Wiener representation theorem, iwZ,, ~
N(0,1) are iid normal random variables. In other words
V19(t) is essentially %red white noise. In particular,

P(w) :; 20, (iw) (17)

process for x < xc. This implies

17()027t/at/+t)
—w L e, (19
2md3(t)

cified by the angular mean square displacement

‘) 30%(t) = ([p(t' +1) — (t")]?) - (19)
L -

is fully

G

Let us start by considering a different representati
of Eq. (11), \ V. JTHE ANGULAR MEAN SQUARE DISPLACEMENT

Vi(t) = / (T—w) [XVJ_Z/J(t —w)dw+ +/2DY dZ;
0
to investigate the mean gradient

(Vo) , = X/OT duw(r —w) (V. tw\\(13)

“Mgiven the

q- (A5)]

This is solved by the ansatz (V
rate a solves the equation A, («

s ~e
= 0 wheze [cf. E

1)] . (14)

ns,
recover the behaviowfof Ref. 3374 c., the average gradient
for weak coupling to the trail, x <
entially above the critical value
isc;,(ssion f the localization transition
; Wé refer to Ref. 33.

tions, D, > 0, we need to analyze
the ensemblg average, A(o) := [~ d7p(7)A;(a), over the
assage time distribution p(7). For the
time Being wegassume that we may approximate A(«) =
i.e., by replacing the random variable 7 by its
is known exactly,6

(r)=1+D, (7P ~1) =1-D,. (1)

From ¢y (a) we find a critical coupling strength x. =
2/(1— D,)? which is shifted to larger values for increasing
speed fluctuations.

K

Using Eq. (17) we find

15P32(s) = 2D / Tarpmh ) (@0)

where f(s) = LT[f fo dtf(t)e * is the Laplace
transform of f(t), s = 0‘ +iw € C. To make progress and
derive the results discussed in Ref. 33, we will again use
the mean first passage time approximation,

|5260%(s) = 2D} Az ()|~ (21)

and will analyze )\ZTl)(s)7 cf. Eq. (14).

In order to understand the angular mean square dis-
placement in the time domain, we need to know the
analytical structure of )\le> (s). Due to the oscillating

factor e~ there are infinitely many poles in the complex
plain and an analytical inverse Laplace transform is not
tractable. We may, however, consider the asymptotic
limits ¢ — oo and ¢t — 0. Note that, apart from the
trivial scale factor DY, the only control parameters that
affect d¢?(t) is the coupling strength x and the speed
fluctuations D,,.

A. Short-Time Asymptotics

Expanding A(;y(c) in powers of o1 we find

-2

Ary(o) =1 o'+ xo

+ 0(0'72671/0_1). (22)

- x(1-D,)
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FIG. 2. Influence of the speed fluctuations D, on the effective dynamics for stron N&ito the trail x = 1.8. (a,b) Angular
as
S Ly / Vo

mean square displacement 5g02(t) and translational mean square displacemen function of time ¢ normalized by
the mean crossing time (7) for three different magnitudes of the speed fluctuation blue), 0.05 (yellow), 0.1 (green)
and a common value of the orientational diffusivity DY (1) = 0.1. (c) Sample trajecfories.q(t) for the three different D, /voR =0
(i), 0.05 (ii), and 0.1 (iii) color coded as a function of time for a total dufatien 5 and D2 (1) = 0.01. See Sec. C for details
on the numerics. 5

—s

The first three terms are dominant as long as e~/ LS 1, 1e ofiset, of the asymptotic regime, t*, diverges with the
i.e., as long as 0~! < 1, or upon reinstating units, for alldiffusivity as x — xe.
times ¢ < (7). Then we have \} Xe We write x = x.(1 — dx). Assuming the
smallest pole o = O(dx) to be confirmed below we expand
A(ry(0 = 00)| 72 = 14 2(1 — Dy)xo \\‘L

est order
= 2x(1+ x/xc)o
(L+x/ (%)\ =ox+ 3( — Dy,)o +0(6x? 0%, 00x). (28)

\2® Close to the critical coupling strength we therefore find

52 (t — 0)/2D0 ~ t+x(1—D,)t* ——x A
_ 9 1
In other words, the angular mean /s uar%ﬁqlace— |/\(T)(U)| 2 (1— Dy)202 X 1+ 30x/(1— Dy)ol2’

ment starts w1th the bare d1ffusw1ty ore the (29)
self-interaction becomes visible on tlmes the order i.e., a superballistic behavior

1/X(1 - Dv)
3
0p%(t) = Sxe Dt (30)
B. Long-Time Asymptotics ' ) . ) )

in a diverging time window (7) < ¢t < 1/3J.

Expanding A,y (o w We find
V. THE TRANSLATIONAL MEAN SQUARE
Ary(0) =1—x Xc W) +O(c (25) Q

DISPLACEMENT

and in the time domain

hleiatis (0 e m The vk orion feon €)=
(Pt +t)-7t")) = 2D,6(t) + Cpn(t) where Cpy(t) =
ﬂ
5 —X/Xe (A(t+1t')-n(t')) can be determined explicitly with the
D,/D% |A,. — 14 X 2T XXe (96
/_: ¢ >(‘y| + X o (1 ) 29 help of Eq. (18)%

whichidiverges for y — xe. —5p2(t)/2

lidity of the long time asymptotics is bounded by Crn(t) = /_Oo dpP(p,t) cosp = e~ (/2. (31)

nvergence of the Taylor expansion, Eq. (25).
The, latteris determined by the location of the pole of  The asymptotic translational diffusivity is then given by

>\<_T1> closest to the origin of the complex plane. In Sec. B a Green-Kubo integral
we show that Eq. (25) holds for |s| < 3(x./x — 1)/ (1), .
i.e., for times D/D° = D?/ dt [2Dv5(t) + 6_5“’2“)/2] . (32)
0
X/Xe
t/(r) >t 1= X/Xe (27) where D? = 1/D? is the diffusivity for y = D, = 0.3°
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(translational) mean square displacement 672 (t) :=

or(t) =2 /0 t du /O ’ dwC(w) (33)

=2D,t+ 2/ dw(t — w)e_é“’2(“’)/2 (34)
0

cannot be given in closed form. However, the form of
Eq. (33) indicates, that it will be dominated by the small
angle behavior, §p?(t) < 1, of the angular mean square
displacement.

In the following we will derive analytic expressions for
the diffusivity D in certain limiting cases.

A. Short Persistence Regime

For parameters such that 6p?((7)) > 1, we may use the
short time expansion, Eq. (24). With this, the condition
reads 2D? > 1/[1 + x(1 — D,)] which shows that this
regime applies for small coupling strength y and large
intrinsic rotational diffusivity D?. Given this is fulfilled,
we have

D/Dy = D,/D° + D) /oo dte=PriHx(=Du)e’]
0

= /n/kerfc (1//k)e'/" + D, /D"

(3
=14+ D,/Dy—r/2+3*/4+ 0 3),%&
where x := 4x(1—D,)/D? < 1 is a kind,of PeN e
relating the “convective” rate x to the 'Wt D?.

B. Long Persistence Regime

The opposite limit is giv
displacement which reac

by an angular mean square
16/ value one well into the
. #A condition which
may be estimated as
approximate 0p(t)

D/D° = ivalently, D = 1/D,..  (38)
érsis‘cent trails, 4.e., small intrin-
D, and/or small coupling strength
symptotic translational diffusivity is in-

versel propor%iﬁo to the asymptotic rotational diffusiv-

ity. Higher order terms are given in Ref. 33.

itical Regime

Close to the critical coupling strength, x — x., we use
Eq. (30), to make the ansatz

30%(1)/2D; = tO((r) — 1) + 3xt°O(t — (7)) /4,  (39)

patching together the short time, bare diffusion 2D%, and
the intermediate time, superballistic behavior, o< t3. The
asymptotic diffusion is irrelevant here because dp?(t) > 1
before it sets in. Using this ansatz in Eq. (32), we find

(7)
D/D" = D, /D" + D° / dte=Prt
0
+D° / " dte-3D0xt 4, (40)
/ ()
The second integral ca}h%xpressed in terms of the
generalized expo n@integ 1 E,(x),

—DX(r)

1-.\ SDR(7) Byys(3DY(r) /2). (41)

—~
Consiftent with eur assumption DO (1) < 1 we need to
expandithis to'yield

@DO & D(4/3)(D)(m)*? = (/3/2(r) =)D, (42)

ere L'(Z) is the Euler Gamma-function. Note that for a
ctly persistent organism, DY — 0, the translational
ivity will obviously diverge D ~ (D2 (1))~1/3.

pe
iff

VI. THE EFFECT OF SPEED FLUCTUATIONS

Nonzero speed fluctuations D,, > 0 have multiple effects
as can bee seen by the examples in Fig. 2. For the angular
mean square displacement, the influence lies mostly in
the distance to the critical point x.. At vanishing fluc-
tuations, D, = 0, the chosen coupling strength y = 1.8
is close to the critical value x. = 2 and the trajectories
already begin to violate the assumptions of the derivation
by turning quickly. For increasing fluctuations D,,, the
critical value x. = 2/(1 — D,)? shifts to higher values. In
effect, both the intermediate regime of the angular mean
square displacement as well as the asymptotic diffusivity
D,. decrease and the trajectories become straighter.

For the translational mean square displacement 6r2(t),
the effects are less drastic but can be seen in both the
short and the long time limit. For short times, the ballis-
tic regime, 672(t) oc t? is replaced by diffusive behavior,
dr%(t) = D,t. At intermediate times, the directed motion
prevails if the short time diffusivity is small enough as it
has been discussed by Peruani and Morelli*?. For long
times the straighter trails enhance translational diffusiv-
ity for increasing fluctuations D, but rather mildly so
because the differences in §p?(t) mostly occur at large
displacements 52 (t) > 1.

VIl. CONCLUSION

We have started by motivating a model of a self pro-
pelled particle (the microorganism) on a two-dimensional
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P that interacts with its own trail, cf. Eqs (1-3). A
lified version of this model has been introduced by us
Publi ‘hd ’ Here we argued that in reality the microorgan-
1sm will not interact with the trail, ¢, itself but with its
observation of the trail, ¢. Given that 1 has well defined
edges, AR/R < 1, that the trails are reasonably straight,
D, () < 1 and the propulsion speed vg is well defined,
D, /Rvy < 1, we showed how to decouple the equation
for the trail’s gradient, Eq. (11), from the equation of
motion of the particle, Egs. (6,7).

Analyzing the effective trail gradient, Eq. (11), we
showed that it fails to regress to a zero mean beyond a
critical coupling strength

kxe 2
= > 2. 4
(1 — Dv/’l)()]%)2 - ( 3)

TG 2R

However for y < x., both the effective trail gradient,
Eq. (16), as well as the orientation, Eq. (17), turn out
to be filtered white noise. The filter function A !(iw),

Eq. (

[Eq. (26)] and translational diffusivity [Egs. (37, 3
special cases of which have been presented in Ref.

42

The effect of the self-interaction becomes a
a timescale t/ (1) ~ 1/x which indicates,the
an intermediate regime displaying angular
that extends to times t/ (1) ~ x/xc(1,— x

suppression in Eq. (31).
diffusivity remains finite at

Eq. (42). A detailed analysis I
requires a new approacéléélt inclugde

self-crossings neglecte

calized phase x > x.
s;%e effect of frequent

\Q?s ft to future work.

)ated self-interactions have been

ontext of aggregation and collec-
a, where experiments revealed

otio

W,

0 the wild type of Myxococcus
a network structure made out of
ith Signaling-deficient mutants of the

sults have been rationalized theoret-
menological agent-based model with

ional coupling to the trail and making predictions
1e collective behaviour as as been performed for
the case of Pseudomonas aeruginosa.?33* We also note
that the self-trapping reported here is somehow remi-
niscent of the milling patterns that appear in a similar
cognitive flocking model of animals.*4
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Appendix A: Solving Eq/(ll)
To this end we startWt another representation
of Eq. (11), 3

T

Viyp(t) = (Zs —

Zt—u)

‘)“M&x/OT du/tiu dwV 1(w). (A1)

—
Employing the? ourier representation, we find for the first
term
-
du t — thu) =
/0 &gl

. (14), therefore, is crucial for the dynamics. In essen o Ciow
we derived generalized expressions for the effective angm%r\ = / dwZ,e /0 du(l—e ) (A2)
) -

and for the second term

/OT du /tiu dwV  ¢Y(w) =
o] e w

Upon performing the w-integral this yields

/T du t dwV  Y(w) =
0 —

t—u
/ deei“t/ du(l —e™™%),  (A4)
oo iw 0

Together with

T . 1 .
d 1 _ —1Wu — —wWwT _ 1
/0 u(l—e =7+ o (e )
this implies that Eq. (11

= ) (G i) +

(A5)
) in the Fourier domain reads

Vid(w) 2D0iw 7. )
(A6)

which can easily be solved for ﬁ/}(w) to yield Eq. (16).

Appendix B: Poles near the Origin

For x < x. we can rule out a pole at the origin. Then
we may rewrite the condition A(;y(s) =0 as
- X(e“‘"“> —-1) =0,

2 —x(1)s (B1)
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Yo third order in s

Al

Publishing éX< 1252+ (1 - x(1)? /2)s?

—3(xe/x = 1)/ (7).

(B2)

This is solved by s* =

Appendix C: Details of the Numerics

We determined §p?(t) using a numerical inverse Laplace
transformation of Eq. (21) by the method of Abate and
Valk64® implemented in Python with the help of the
multi-precision library mpmath.4® The translational mean
square displacement 672(t), we determined by numerical
integration of Eq. (33) using SciPy’s*” quad method.

For the trajectories we used SciPy’s inverse fast Fourier
transform ifft to determine ¢(t) from Eq. (17) and then
Euler integration of Eq. (6).
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